
���������	��
������������������������������� ��
!�"��#	$&%�'(
!�

)+*-,/.10324*6587:9�*6;=<?>=*6;=< † @�A 03>CB+*ED6F6G ‡ BC*IHJG=*-2K0ML�0KNO<8P8Q †‡
† R6SUTWVIVYXZV\[M]�V_^a`cbcdfehgiR-S=jke=lWS=e�m\l8n!oMlcp_jklWe=eOgfjqlcp

‡ rslIdfehgUncjkt:S=jk`WXkjkl8m(g:uv]�e=lIdfehgw[4VYgix�ehbcgUmYXZ]�VY^a`WbcdUm(dfjkV_l
y TWe�zie={cgfeh|~}ilWjk�Eehgft:j�d�uI�6�YehgfbWtfm\Xqeh^��8r�t�gUm\e=X
gUm\l-{Z� mYlWm(�_VYd�� dfjkt:T6{IuW��S=t=� T-bY��j�� m\S_� jqX

�����=�=�(�8�Y�_� y Tce���m=uIe=twS=XqmYt:t:j��Wehg�m\SOTcjke=�Ee=t�dfTWe�^ajqlcjk^�mYX�ehg:gfV\gigUm(dfe�{Iu!ShV_lc�
t�d:gfbcShdfjklWp+m�|�e=jkp_TIdfe�na^�m���V\gfjkdsuaV(�Eehg�mYXkX�S=VYlWS=e=`6dft�jkl�dfTWe�S=VYlWS=e=`6d�ShX3m\t:t=� y TWe
�i�\�I�O �¡w¢\£4¤W¥�¦k§=¨ bct:e=tidfTce�t:jqlcp_Xke1ShV_lWShe=`cd�jql�dfTceCShX3m\t:t�|wTWjkSUT©T8mYt�dfTWe�^ajklc�
jk^�mYXªehg:gfV\g�� y TWjkt�|�m=uI�WdfTce �i�Y�E�O �¡�¢Y£4¤W¥ m(�_V_jqnctwt:V_^ae�V\[«dfTWe�n6eh�8S=jke=lcS=jke=t�VY[
dfTcev��m=uIeht1S=XqmYt:t:j��Wehg��¬®e�`cgfV(�Ee�m¯{�V_bcl8n®V_l/dfTce!pYe=lWehgUm\Xkjq°=m\dfjkV_l±ehg:gfVYg1[4VYg
�i�\�I�O �¡�¢Y£4¤c¥M²��E³U´I£4¤?�O  |wTWe=l�Xke�m(gflWjklWpaXkjklWe=m\g�S=XqmYt:t:j��8eOgft=�?mYlWnvt:TWV�|µdfT8m(dij�d
jkt�m\d�^aVYt�d

∼ 1.71
dfjq^aeht�dfTWeCp_e=lcehgUmYXkjk°�m\dfjkVYl/ehg:gfVYg�V\[�dfTWe1��m=uIe=t�S=Xqm\t:t:jk�Wehg��

jkl8n6e=`�e=lWnce=lId�VY[�dfTce¯jklW`Wb6d!ncjk^ae=lWt:jkVYl�mYlWn¶Xke=lWp\dfT·VY[�d:gUm\jqlcjklWpc�"¬®e¯t:TcV(|
dfTWm\d�|wTWehlvXke�m\gflcjklWp�XkjklWe�m(gwS=XqmYt:t:j��8eOgft=�8dfTWe �i�Y�E�O i¡w¢\£4¤W¥ jktim\Xk^aV_t�dwjqnce=lIdfjkS�m\X
dfV�dfTWe�¸W¹Eº �O�!²��:»Y£��Y¤¼¦ ½(¨ mYlWn·¾ �O¤c¥s�O¿C¡�¢Y£4¤W¥+¦ À\¨ �?¬®eCehÁ-dfe=l8n�dfTWeht:e�nceO�8lWj��
dfjkV_lctw{�ehuIV_lWnaXqjklce�m\g�S=XqmYt:t:j��Wehgft�m\l8n�nceh�WlWe�dfTWe �i�\�I�O wÂC�sÃ8¥K´ VY[«mCS=XqmYt:t:j��Wehg��
¬�e�`cgfV(�Ee�pYe=lWeOgUmYXkjk°�m\dfjkV_l/{�VYbWlWnÄjkl�dfehgf^at�VY[�dfTcjqt�lceh|Ånceh�WlWj�dfjkV_lª�ÇÆ�jklWmYXkX�u
|�e�`6gfV(�6jqn6e!m�lceh|ÅS=V_lcS=e=lId:gUm\dfjkV_l/V\[�^ae�mYt:b6gfeajqlce�ÈIb8m\Xqj�dsu�[4V\g1^CbWX�dfjk�_m(gfjqm\dfe
gUm\l8ncVY^É�_m(gfjqmY{WXke=t�dfV1dfTce�¸W¹Eº �O��²��:»Y£��Y¤ �

Ê ËWÌ�Í�Î?Ï�ÐCÑ+ÒÇÍ?ÓfÏ�Ì

Ô:,�GO<?04N�Õª*6ÕZÖY>w×iÖ�5?ÖY*-2ª×�0qGh<©NUØ?ÕÇÖ\>hD80KNOÖY5�;\F6,ª;\Ö\Õ�Gw2KÖY*6>O,?0K,?Ù�0K,©*a9�*EQcÖYNO0K*6,�H�>=* A Ö\×�F6>hÚ�Û
L�<?Ö©G=*6NOÚ¼04N�GhFÜ2KÖY*->h,µ*±;\F6,ª;\Ö\Õ�G

c
H�>OF A *¼;(Fc,ª;(ÖYÕ�G!;(24*6NhN C ÛMÝ¶Ö®*6NhNUØ A Ö¯Gh<ª*IG!GO<?ÖGh*->hÙ6Ö\G

c
0KN�>=*-,ª5?F A 23Qa;=<?FWNUÖY,aH�>hF A C *6;Y;(F6>=5�0K,?Ù�GhF1*CÚ8,?FI×�,�Õ?>hF6PZ*-P?0K2303GfQa5�04NfGh>O0KP?Ø�Gh03Fc,

ν
Û�L�<?Ö�9�*EQcÖYN�;\2K*cNONO03ÞªÖ\>!0KNvÚ8,?FI×�,·GhF¼PÇÖ�FcÕ�GO0 A *-2�0K,µGO<ª0KN�NOÖ(GUGh03,ªÙªß�0sÛ Ö6Û�03G¯*c;=<?0KÖ\D6Ö_N
GO<?Ö A 0K,?0 A *62+ÕÇFcNhNU0KP?2KÖ�Ö\à�ÕZÖ_;�GOÖ_5á23FWNONYÛwâ�FI×�Ö\DcÖ\>vGO<ªÖÜ9�*EQcÖYN�;(24*6NhNO0qÞªÖY>©NUØ?ãÇÖY>hNvH�>hF A
Gf×iF A *IäfF6>�5�Ö\ÞZ;(0KÖ\,ª;\03Ö_N\Û?å�0K>hNUGYß803G�0KN�ØªNOØª*6232KQ©;(F A ÕªØ�Gh*-GO0KF6,ª*6232KQ¯03,?H�ÖY*6NO0KP?23Öcß�NU0K,ª;(Ö�Ö_*6;=<
Õ?>OÖ_5�04;�GO0KF6,a>hÖYæWØ?0K>hÖYN�D6F6GO0K,?Ù�FID6ÖY>*-2K26Õª*6>h* A Ö(GOÖY>hNYÛ(L�<?Ö�NOÖY;\F6,ª5�Õª>OFcP?23Ö A 04N«Gh<?ÖwÕÇFcNhNU0KP?2KÖ
03,ª;\F6,ªNO04NfGhÖ\,ª;\Q¯F-H�GO<?Öa9�*EQ6Ö_Ni;\2K*cNONO0qÞZÖ\>�ç è6é�ß?*cN�0qG�04N�F-HJGhÖ\,�F6Ø�G=NU045�Ö�F-H"GO<?Ö�G=*->hÙ6Ö(G�;(24*6NhNYÛ
ê F6,ªNO0K5?Ö\>1H�F6>�Ö(à?* A Õª23Ö!GO<?ÖvH�Fc232KFI×�03,ªÙ�Nh;(ÖY,ª*->h03FZë @ 2304;(Öcß«9iFcP¶*6,ª5Üì�D6Ö�×iFcØ?245Ü2K03ÚcÖ�GhF
D6F-GhÖ�Fc,ÜGO<ªÖv2K0K,?ÖY*6>CFc>h5�ÖY>+F6HwGO<?>hÖ\Öv03GOÖ A N A,B *6,ª5 C Û @ 2K0K;\ÖvNOØ?ÙcÙ6ÖYNUGhN A < B < C ß9iFcP¯NUØ?ÙcÙ6Ö_NfG=N C < A < B ß6*6,ª5vìwD6ÖCNUØ?ÙcÙ6Ö_NfG=N B < C < A Û6í�F6GO0K,?Ù�* A Fc,?Ù�GO<?Ö�GO<?>hÖ\Öcß*6NCGO<?Ö�9�*EQ6Ö_NC;\2K*cNONO0qÞZÖ\>C5?FWÖ_N\ß�×�0K232�2KÖY*c5®GOF A < B ß B < C *-,ª5 C < A ×�<?04;=<¼5�F8Ö_N,?F-G�H�Fc> A *v2K03,ªÖY*->�Fc>h5?Ö\>_Û
L�<?Ö!;\F A Õ?Ø�G=*IGO0KF6,Z*-2M0K,�H�Ö_*6NO03P?0K2K0qGfQ/*-,Z5/ÕZFWNONO0KP?23Ö!03,Z;(F6,ZNU04NfGhÖ\,ª;\Q®F-H�GO<ªÖ!9�*EQ6Ö_N�F6Õ?7

GO0 A *62;(24*6NhNU03ÞªÖY>�*6>OÖ1PÇF-GO</5�ØªÖCGhFvGO<?Ö�Hî*c;�G�GO<ª*-G�0qG�04N�,?F-G+*vNO03,?Ùc23Öa;\2K*cNONO0qÞZÖ\>�H�>OF A GO<ªÖ
Ù60KD6Ö\,�;(F6,Z;(Ö\Õ?G�;(24*6NhNiP?Ø�G�>h*-GO<?ÖY>i*!×iÖY03Ùc<cGhÖY5 A *IäfFc>O03GfQ¯* A F6,ªÙ�;(Fc,ª;(ÖYÕ�GhNi03,ÄGO<?Ö�;(24*6NhNYÛ
L�<?ÖYNOÖ¯5�>h*E×�PZ*6;=Ú�N+;Y*-,±PÇÖ¯>hÖYNOF62KD6ÖY5Ü0qH�F6,?Ö�NUÖY23Ö_;�G=Na*�NO03,ªÙ62KÖv;\2K*cNONO0qÞZÖ\>�03,¼GO<ªÖvÕª>OFcÕZÖY>
;(24*6NhN�ïîF6>¯*¶Õ?>hF6ÕÇÖ\>�F6>=5�Ö\>h0K,?Ù±0K,~Gh<?Ö®Õ?>hÖ\D803FcØªNvÖ(à?* A Õ?2KÖ_ð(Û�Ô:,ª5�ÖYÖY5«ß�Fc,ª;(Ö�GO<?ÖÜNO0K,?Ù62KÖ



;(F6,Z;(Ö\Õ?G�0KNiNUÖY23Ö_;�GhÖY5«ß-03GhNiÕ?>hÖY5�04;�Gh03Fc,ªNw*6>OÖ�ØªNOØª*6232KQ�PÇF-Gh<©Ö��©;(0KÖ\,WGi*6,ª5�;(Fc,ªNU04NUGOÖ\,WG_Û6Ô�G�04N\ß
<?FI×iÖYD6ÖY>Yß8,?F¯2KF6,?ÙcÖ\>�9�*EQ6Ö_N�F6Õ�Gh0 A *-2�Û��CØ?>+Õ?>OFcP?2KÖ A 04N�GOF�ÞZ,ª5�GO<?Ö�NO0K,?Ù62KÖ A Ö A PÇÖ\>+F-H
GO<?Ö�;\F6,ª;\Ö\Õ�G�;(24*6NhN�×�<?04;=<�PÇÖYNUG+*-ÕªÕ?>OFEà�0 A *IGOÖ_NiGO<?ÖaFcÕ�GO0 A *-29�*EQ6Ö_N�;\2K*cNONO03ÞªÖ\>_Û
â�Ö\>hP?>h0K;=<MßE.1>=*-ÖYÕZÖY28*6,ª5 ê * A Õ?PZÖY232�ç��(é�<ª*EDcÖi>hÖY;\Ö\,WGO2KQaNfGhØª5�0KÖY5�GO<?04N�Õ?>OFcP?2KÖ A ÛIL�<?Ö\Q

;\*-2K2KÖY5/Gh<?Ö¯NU0K,?Ùc23Ö�;(Fc,ª;(ÖYÕ�G1×�<ª0K;=< A 03,?0 A 0��YÖYN1Gh<?Ö�Ö(à�ÕZÖ_;�GhÖY5ÜÖY>O>hF6>CGO<ªÖ	��
��������������sÛ
� ÕZÖ_;(03ÞZ;\*6232KQ©H�Fc>�GO<?Ö!;\*6NOÖ�F-H�230K,?ÖY*6>+;(24*6NhNO0qÞªÖY>hNYßWGO<?ÖYQ�5�Ö_NU0KÙ6,ªÖY5ÄGO<?Ö���
��������������� �!
�"
#%$ �����Üïs9'&)(±ð�ß«×�<ª0K;=<¼Ö A Õ?2KFIQ8NCGh<?Öv;\Ö\,WGOÖY>�F-H�Ùc>h*ED803GfQ�F6HwGO<ªÖvDcÖ\>=NU0KF6,ÜNOÕª*c;(Ö®ï�×�<?04;=<
0KN�;(Fc,8D6Ö(à¯0K,©Gh<?0KN�;Y*6NOÖ_ð�*6NiGO<?Ö�;\*6,ª5�045?*IGhÖ1;\2K*cNONO03ÞªÖ\>_ÛWL�<ª0KN A Ö(Gh<?F�5Ä<ª*cN�PÇÖ\ÖY,�*6Õ?Õ?2K03Ö_5
NUØª;Y;(Ö_NONUH�Ø?2K23Q¯GhF�DE*6>O0KF6ØZN�5?F A *-0K,ªNYß?*6;=<?0KÖ\D80K,?Ùv;\F A Õª*6>h*6P?23ÖC>OÖ_NUØª2qG=N�GOFvGO<?FWNUÖ�FcP�Gh*603,?Ö_5
PWQ � Ø?Õ?ÕÇF6>OG�í�ÖY;(GOF6>*(±*6;=<?0K,?ÖYN�ç,+_é�Û

-�./- 0214365387:94;=<>7�?�@�<>1BA/7DCFEGC)3H5

L�<?Ö\Fc>OÖ A ��Õª>OFID8045�ÖYNw*�Ù6Ö\,ªÖ\>=*-2K0��_*IGO0KF6,vPÇF6Ø?,ª5¯H�F6>I��
�������*������J�!
 #%$ ��������ÛWÝ¶ÖCNO<?FI×
GO<ª*-G�Gh<?Ö¼Ö\à�ÕZÖ_;�GOÖ_5 ÙcÖ\,?ÖY>h*6230��Y*-GO0KF6, Ö\>h>hF6>ÄF6H!9'&)( 04N�Ù6>hÖY*-GOÖ\>ÄGO<ª*6, Gh<?Ö¼Ö\à�ÕZÖ_;�GOÖ_5
Ù6Ö\,ªÖ\>=*-2K0��_*IGO0KF6,ÄÖ\>h>OFc>iF6HMGO<ªÖ�9�*EQcÖYN�;(24*6NhNU03ÞªÖY>iP8QÄ*!Hî*6;(GOFc>�F6H�*-G A FWNfG (e− 1) ' 1.71

Û
� 03,Z;(Ö�Gh<?Ö!9�*EQcÖYN�;\2K*cNONO0qÞZÖ\>�FcP�Gh*603,ªN�GO<?Ö A 03,?0 A *-2�Ö(à�ÕÇÖY;�GhÖY5/ÙcÖ\,?ÖY>h*6230��Y*-GO0KF6,®Ö\>h>hF6>�×�Ö
;(F6,Z;(2KØª5�Ö¯Gh<ª*IG�9 & ( 0KN�KU*62 A FWNfGML¯FcÕ�GO0 A *-2�Û"B+F-GOÖ©GO<ª*-G�GO<ª0KN!PZFcØ?,ª5·04N�0K,ª5�ÖYÕZÖY,ª5�ÖY,cG
F-HMGh<?Öa0K,?Õ?Ø�G+5�0 A Ö\,ªNO0KF6,®*-,ª5�03G�<ªF6245?N�H�F6>�*6,WQ�NU0��\Ö�F-H"GO<?Ö�Gh>h*603,ª03,?Ù¯NOÖYæWØ?ÖY,ª;(ÖcÛ8L�<ªÖYNOÖ
Gf×iFÄHî*6;�GhF6>=N\ßÇ0�Û ÖcÛÇ0K,?Õ?Ø?Ga5?0 A Ö\,ZNU0KF6,±*6,ª5/Gh>h*603,ª03,?Ù�NUÖ\G�NO0��\Ö6ß«*-ãÇÖ_;�G1GO<?ÖvÖ\>h>OFc>+F6Hi9'&)(
F6,?2KQ¯GO<ª>OFcØ?Ù6<ÄGO<?ÖaÖY>O>hF6>�F-H"GO<?Ö�F6Õ?GO0 A *629�*EQ6ÖYN�;\2K*cNONO0qÞZÖ\>_ÛWL�<?ÖaÖY>O>hF6>�F-HJ�N
����O���*������
�!
 #%$ �������1;Y*-,¯*-24NUFaPÇÖ�PÇF6Ø?,Z5�ÖY5�0K,¯GO<ªÖ�F6,?2K0K,?Ö A 0KNUGh*6Ú6Ö�PÇF6Ø?,Z5 A F�5�ÖY2sÛcÔ:,�GO<?ÖYF6>hÖ AQP
×iÖvÕ?>hFID6Ö�Gh<ª*IG1GO<ªÖ A 04NfG=*-ÚcÖ�PÇF6Ø?,ª5¼F-H�9 & ( 04N�*IG A FWNfG n

− log(1−1/e) log 2R
r

ß«×�<?Ö\>hÖ
n
04N1GO<?Ö¯0K,?Õ?Ø�G�5?0 A Ö\,ZNU0KF6,ß R 04Na*�PZFcØ?,ª5¶F6,¼GO<?Ö�,?Fc> A F-H�Gh<?Ö¯0K,?Õ?Ø�G�5?*-Gh*�ÕZFc03,WG=N\ß*-,ª5

r
04NÄ* A *->hÙ60K, GOÖY> A ÛiL�<ª0KN�PZFcØ?,ª5á04NÄ5�03ã�Ö\>hÖ\,WGÄH�>hF A B�FID803ÚcF-ã�R N©×�Ö\2K2+Ú8,?FI×�,

A 04NUGh*-ÚcÖÄPÇF6Ø?,Z5µH�Fc>�Gh<?Ö®ÕZÖY>h;\Ö\Õ�Gh>OFc,~*-2KÙ6Fc>O03GO< A ç SEé�F-H R2/r2 Û�Ô:, F6Ø?>�,?ÖY×�PZFcØ?,ª5«ß
GO<?Ö/5�ÖYÕZÖY,ª5�Ö\,Z;(QµFc,µGO<ªÖ�>=*IGh03F

R/r
0KN�2KF6ÙW*->h0qGh< A 0K;6ß"×�<ªÖ\>hÖY*6NvB�FID80KÚ6F6ãIR N!PZFcØ?,ª5 0KN

5�0 A ÖY,ªNU0KF6,�0K,ª5�Ö\ÕÇÖ\,Z5�Ö\,WGYÛ
L�<?Ö�Õ?>hF8F-HîN�F6H�GO<?ÖYF6>hÖ A N2�!*-,ª5 P H�F62K23FI× H�>hF A *Ä5�Ö\Þª,?03GO0KF6,ÜF6H�Gh<?ÖvÕ?>OFEà�0 A 0qGfQ�F-H

*�;\2K*cNONO0qÞZÖ\>�GhFÄGh<?Ö¯9�*EQ6ÖYN+F6Õ�Gh0 A *62�;\2K*cNONO03ÞªÖ\>_ÛªÔ:,±GO<?Ö¯NOÖ(GUGh03,ªÙ�F6H�230K,?Ö_*->�;(24*6NhNU03ÞªÖ\>CGO<ªÖ
Õ?>OFEà�0 A 0qGfQ A ÖY*cNUØ?>hÖ�04N1*�NO0 A Õ?2KÖ A F�5�03ÞZ;Y*IGO0KF6,±F-HwGh<?ÖUTWVYXY���[ZD�]\�� $ ç P é�Û�L�<ªÖUTWVYX��^�
ZD�]\�� $ A ÖY*cNUØª>OÖ_N�GO<?Ö # �^���`_a
bc���`��F-H«*�ÕZFc03,WGw0K, IRn Û6åªF6>�*�9�F6>hÖ\2K2�Õ?>hF6Pª*6P?032K03GfQ A ÖY*6NOØ?>hÖ
ν
FIDcÖ\>

IRn GO<ªÖdTGVYXY����Z��]\�� $ ï�Fc>�<ª*-23HîNUÕZ*6;(Öa5�ÖYÕ�GO<Çð�F-H x ∈ IRn 04N�5�Ö\Þª,?ÖY5®*cN

D(x) = inf {ν (H)
NYÛ GYÛOâÜ0KN�<ª*62qH�NUÕZ*6;(Öa*6,ª5

x ∈ H} ,
ïM�_ð

0sÛ Ö6Û"GO<?Ö�5�Ö\Õ�Gh<µF-H
x
0KN�GO<?Ö A 03,?0 A *-2�Õ?>hF6Pª*6P?032K03GfQ±F-H�*6,·<ª*-23H+NUÕZ*6;(ÖÄ×�<?0K;=<µ;\F6,WGh*603,ZN

x
Û�eCNU0K,?ÙvGO<?04N�5�Ö\Þª,?03GO0KF6,6f+Fc,?F6<ªFv*6,ª5/.�*6NOÚ6FÄçcg_éM5?Ö(Þª,?Ö_5�GO<?ÖhTWVYX��^�i�h�%j��k
�¶*6N�GO<ªÖ
ÕZFc03,WG

x
×�<?04;=< A *Ià�0 A 0��\Ö_N1GO<?ÖÄ5?Ö\Õ�Gh<�H�Ø?,ª;�Gh03Fc, D(x)

ïîNOF A Ö¯*-Ø�Gh<?F6>=N�>hÖ(H�Ö\>�GOF®GO<ª0KN
A Ö_5�04*-,/*6NiGO<ªÖ6lm�^���]�^_i����������ç n-éJð(Û

f+Fc,?F6<?F·*6,ª5 .�*6NOÚ6F ç,gEéCNfGhØª5�0KÖY5 GO<ªÖÜÕ?>hF6ÕÇÖ\>OGO0KÖYN�F-H1GO<ªÖoTGVYXY���p�h�qj�k
��ªÛ�L�<?Ö\Q
NU<?FI×�ÖY5�GO<Z*IGwGh<?Ö A ÖY5�04*-,©*623×�*EQ�N�Ö(à�04NfG=N�P?Ø�G�,ªÖ\ÖY5�,ªF-GwPÇÖ�Ø?,?04æWØ?Ö6ÛWL�<?Ö\Q�*-24NUFaNO<?FI×�ÖY5
GO<ª*-GwH�F6>�*6,8Q A ÖY*cNUØ?>hÖ ν

FID6ÖY>
IRn ß6GO<?Ö+5?Ö\Õ�Gh<¯F-H�GO<?ÖrTGVYXY�����h�%j��k
��0KNi*IGw2KÖY*cNfG 1

n+1

Û
ê *-Õ?2K03,¶*-,ª5¼B+*623ÖYP?Ø�ã ç è6é�Õ?>OFIDcÖY5�Gh<?Ös�!�q
��ut���]��_!T $ �q�_%��vvÛL�<?04N+Gh<?Ö\Fc>OÖ A ï�ØªNO03,ªÙ
5�0qã�Ö\>hÖ\,WG A F6GO0KDE*-GO0KF6,ªNC*-,ª5®,ªF-Gh*-GO0KF6,ªN=ð�NUGh*IGhÖYN�GO<ª*-G+0qH�Gh<?Ö A Ö_*6NOØ?>OÖ ν

04N�2KF6Ù67�;\F6,ª;Y*ED6Ö



GO<?ÖY,®GO<?Ö�;\Ö\,WGOÖY>�F-H�Ù6>=*ED80qGfQ¯F6H
ν
<Z*6N�*¯5�ÖYÕ�GO</F6H�*-G�23Ö_*6NUG

1/e
Û
ν
04N�2KF6Ù-7:;(Fc,ª;\*EDcÖ+03H�0qG

;(F6,?H�F6> A N�×�03GO<
ν (λA + (1 − λ) B) ≥ ν (A)

λ
ν (B)

1−λ
.

å?F6>1Ö(à?* A Õª23ÖcßªØ?,?03H�F6> A 5�04NfGh>O0KP?Ø�Gh03Fc,ªN+FIDcÖ\>1;(F6,8DcÖ(à®PZF�5�0KÖYN1*->hÖ�2KF6Ù-7:;(Fc,ª;\*EDcÖ6ß�,?Fc> A *62
*-,ª5�;=<?0q7:NhæcØZ*->hÖC5�04NfGh>O0KP?Ø�Gh03Fc,ªN�*->hÖ+2KF6Ù67�;\F6,ª;Y*ED6Ö+*cN�×iÖY232�Û � Ö\Ö�ç �Eé«H�F6>�*v5�0KNh;(ØZNONO03Fc,�*6,ª5
Ö(à?* A Õ?2KÖYN�F6HC2KF6Ù-7:;(Fc,ª;\*EDcÖ A ÖY*cNUØ?>hÖYN/ïs*¶23Ö_NON¯5�Ö\Gh*6032KÖY5 5�04NO;\ØªNONO0KF6,á;\*-, PÇÖ®H�F6Ø?,ª5 0K,
*-Õ?ÕÇÖ\,ª5?0qà @ ð�Û
L�<?Ö+2KFI×iÖY>wPÇF6Ø?,ª5©F-H

1/e
H�Fc>�Gh<?ÖC5�ÖYÕ�GO<�F-H«Gh<?ÖC;\Ö\,WGOÖY>iF6HÙ6>=*EDW03GfQ�H�Fc>�2KF6Ù67�;\F6,ª;Y*ED6Ö

A Ö_*6NOØ?>hÖYN�0KN�GO<?Ö�Ú6ÖYQ¯GOF¯FcØ?>�Õ?>hFWF6HîN�F-H"GO<?ÖaPÇF6Ø?,Z5?N�H�F6>�9'&)(µÛªL�<?Ö�03,WGhØ?0qGh03Fc,®PZÖY<?03,Z5
GO<?Ö�Õª>OF8F-HîN�0KN�GO<ª*-GC*-,8Q��\5�Ö\ÖYÕ��1ÕÇF60K,cG A ØªNUG+Ù6ÖY,?Ö\>=*-2K0��\Ö�×iÖY232�ÛªL�<?04N+;Y*-,/PÇÖ�Ö(à8GhÖ\,ª5�Ö_5
PZÖYQ6F6,Z5Ü2K03,?Ö_*->�;(24*6NhNU03ÞªÖY>hN�GOF�Ù6Ö\,ªÖ\>=*-2";\F6,ª;\Ö\Õ�Ga;(24*6NhNOÖYNYÛªÝ¶Öv5�Ö\Þª,?Ö!GO<?Ö ��
����� Z��]\�� $
F-H"*!<8QWÕÇF-Gh<?ÖYNO04N�*6,ª5ÄNO<?FI× 0K,ÄGh<?Ö\Fc>OÖ A n�Gh<ª*IG�GO<ªÖ1Ö\à�ÕZÖ_;�GOÖ_5©ÙcÖ\,?ÖY>h*6230��Y*-GO0KF6,©ÖY>O>hF6>iF-H
*-,8Q¯;(24*6NhNU03ÞªÖ\>�;\*6,ÄPÇÖ�PZFcØ?,ª5�Ö_5©0K,ÄGhÖ\> A NiF-H"0qG=NN�N
����O�NZ�� \ � $ Û8L�<ª0KN�PÇF6Ø?,ª5�<?Fc2K5?NiH�Fc>
*-,8QÄ;(Fc,ª;(ÖYÕ�G�;(24*6NhN\ß�0K,ª;\23Øª5?03,?Ù A Ø?2qGh0q7:;(24*6NhN�;(24*6NhNO0qÞªÖY>hNYÛ
å"0K,ª*6232KQ�×iÖiÕ?>OFID8045�Öi*+,?Ö\×µ;\F6,ª;\Ö\,WGO>=*IGh03Fc,aF-H A Ö_*6NOØ?>OÖi03,ªÖYæWØª*-2K03GfQCH�Fc> A Ø?23GO0KDE*6>O04*IGhÖ

>h*6,ª5�F A DI*->h04*-P?2KÖYNwGOF!GO<?ÖY03> TWVYX��^���h�qj�k
��ªÛ?L�<?04N�0KN�*6,©Ö(à8GOÖY,ªNO03Fc,©F-HGh<?Ö1×iÖY232�Ú8,?FI×�,
;(F6,Z;(Ö\,WGh>h*-GO0KF6,Ä>hÖYNOØ?23G�F-H�NO;Y*-24*->�>h*6,ª5�F A DE*6>O04*-Pª23Ö_N�GhF�GO<?Ö A Ö_5�0K*6,¼ç �Ié�Û
L�<?0KN�Õª*-ÕÇÖ\>�04N�F6>hÙc*6,?0��\ÖY5�*6N�H�Fc232KFI×�NYÛ?Ô:,/NUÖ_;�GO0KF6, P GO<ªÖ��N
����O���*������ �h
 #%$ �����!0KN

03,WGO>hF�5�Øª;\ÖY5·*-,Z5�GO<?ÖÄÙ6Ö\,ªÖ\>=*-2K0��_*IGO0KF6,�PÇF6Ø?,Z5?N!*6>OÖ©5?Ö\>h03DcÖY5«Û"Ô:,µNUÖ_;�GO0KF6, n/×iÖÄÖ(à8GOÖY,ª5
GO<?ÖÄ5?0KNh;(ØªNhNO03Fc,¶PÇÖ\QcF6,ª5�2K0K,?ÖY*6>�;(24*6NhNU03ÞªÖY>hNYÛ«Ý¼Ö�5�Ö(Þª,ªÖ¯GO<?Ö6�N
����O�DZ��]\�� $ *6,ª5�Õ?>hFID6Ö
Ù6Ö\,ªÖ\>=*-2K0��_*IGO0KF6,/PÇF6Øª,ª5?NCH�F6>1GO<ªÖvÙcÖ\,?ÖY>h*62";\F6,ª;\Ö\Õ�Ga;(24*6NhN�NUÖ\GUGO0K,?ÙZÛ @ ;(Fc,ª;(ÖY,WGO>=*IGO0KF6,±F-H
A Ö_*6NOØ?>hÖ�0K,?ÖYæWØª*62303GfQ�H�F6> A Ø?23GO0KDI*->h0K*-GOÖv>h*6,ª5�F A DI*->h04*-P?2KÖYN�GOF�GO<?ÖY03>hTWVYX��^�	�h�qj�k
��µ0KN
Õ?>OFID8045�ÖY5~03,áNOÖY;�Gh03Fc,~èZÛwå?Ø?>OGO<?ÖY>¯5�0KNh;(ØZNONO03Fc,~F6H+GO<ªÖ/>OÖ_NUØ?23GhNv04N�Õ?>hFIDW045�Ö_5·03,áNOÖY;�Gh03Fc,
+�Û � F A ÖÄPª*c;=Ú8Ù6>hF6Ø?,ª5¶0K,�H�F6> A *IGh03Fc,·>OÖYÙc*->=5�0K,?Ù/;(Fc,ª;\*EDcÖ A Ö_*6NOØ?>hÖYN�;Y*-,µPÇÖ©H�FcØ?,ª5·0K,
*-Õ?ÕÇÖ\,ª5?0qà @ ÛWL�<?Ö�NUGh*IGhÖ A Ö\,WG�F-HGh<?Ö�(/Ö_*-,©í�F6GOÖY>�L�<?ÖYF6>hÖ A 04N�Ùc03DcÖ\,©0K,�*6Õ?ÕZÖY,ª5�03à©9CÛ

-�.�� � 538;kA	� A	
4EG5Ak387�E�
���6?�<:EG<>Ak?�


L�<?>OFcØ?Ù6<ªF6Ø�GiGO<?04N�Õª*-ÕÇÖ\>�×�ÖCNUGOØª5�Q�Gh<?Ö�Õ?>hF6P?2KÖ A F-H�;(F6,Z;(Ö\Õ?G�2KÖY*6>O,?0K,?Ù!×�0qGh<�9�*EQ6Ö_NU04*-,
Õ?>O0KF6>+ÚW,ªFI×�23Ö_5�Ù6ÖcÛ?L�<?ÖaGh*cNUÚ�0KN�GOFÄ*6Õ?Õ?>hFEà�0 A *IGhÖa*¯;(F6,Z;(Ö\Õ?G c ∈ C ×�<?04;=</×�*6N�;=<?FWNUÖY,>h*6,ª5�F A 2KQ�ØªNO0K,?Ù�*aÕ?>hF6PZ*-P?0K2303GfQ A Ö_*6NOØ?>OÖ ν

ÛcL�<?Ö19�*EQcÖYN�;\2K*cNONO0qÞZÖ\>+ïs5�Ö\,?F6GOÖ_5�PWQ
h �����

ð
*6NhNU0KÙ6,ªNiGh<?Öa03,ZNfG=*-,ª;\Ö

x
GhF�GO<?Ö�;\2K*cNON�×�03GO< A 03,ª0 A *-2MÖ(à�ÕZÖ_;�GhÖY5�23FWNONYë

h ����� (x) = argmin
y

Ec∼ν [l (y, c (x))]
ï P ð

×�<?Ö\>hÖ
l
04N"NOF A Ö�2KFcNhN«H�Ø?,ª;(GO0KF6, l : Y×Y → IR

ÛYL�<?Ö�9�*EQ6ÖYN«;\2K*cNONO03ÞªÖ\>04NFcÕ�GO0 A *-2W* A F6,?Ù
*-2K2«ÕZFWNONO03Pª23Öa;(24*6NhNO0qÞªÖY>hN�NO03,Z;(Öa03G A 0K,?0 A 0��YÖYN�Gh<?ÖaÖ(à�ÕÇÖY;�GhÖY5�Ù6ÖY,?Ö\>=*-2K0��_*IGh03Fc,ÄÖ\>h>hF6>_ë

Ö\>h>OFc>
(h) = Ex [Ec∼ν [l (h (x) , c (x))]]

ï/ncð

L�<?Ö¯9�*EQcÖYN�;(24*6NhNO0qÞªÖY>1*c;=<?0KÖ\D6Ö_NCGO<?Ö A 03,ª0 A *-2�ÕZFWNONO03Pª23Ö�Ö\>h>hF6>1F6,¶ÖY*6;=<¼03,Z5�03D8045�Øª*62�03,�7
NfG=*-,ª;\Ö

x
*6,ª5±GO<8ØªN�*62KNOF�×�<ªÖ\,·*ED6ÖY>h*6Ù60K,?Ù©FID6ÖY>

x
ÛÔ�H�*�2K*6PZÖY23Ö_5¼Nh* A Õ?2KÖ�0KNa*EDI*-0K24*-P?2KÖ

GO<?Ö¯9�*EQ6Ö_NC;\2K*cNONO0qÞZÖ\>�ØªNOÖYNCGO<?Ö¯ÕÇFcNUGOÖY>O0KF6>10K,ª5�Øª;\ÖY5¼PWQÜGO<?Ö¯Nh* A Õ?2KÖ6ß*-,Z5±2K03ÚcÖ\×�04NUÖ!GO<ªÖ
Ö(à�ÕZÖ_;�GhÖY5!Ö\>h>OFc>"04N�;\*62K;\Ø?2K*-GOÖ_5�×�03GO<�>OÖ_NUÕÇÖY;(G�GOFCGO<?Ö�Nh* A Ö�ÕZFWNfGhÖ\>h03Fc>YÛEÔ�HªGh<?Ö�;(Fc,ª;(ÖYÕ�GhN�0K,
C *6>OÖ�NUGOF�;=<ª*cNfGh0K;�Gh<?Ö\,¯Gh<?Ö�2KFcNhN�03,¼ï P ðw*-,ª5/ï/ncð�NO<?F6Øª2K5�PÇÖC*EDcÖ\>=*-Ù6Ö_5�FIDcÖ\>�GO<ªÖ+0K,cGhÖ\>h,ª*-2>h*6,ª5�F A ,?Ö_NON�F6H"Gh<?Ö�;(Fc,ª;(ÖYÕ�GhNYÛ



� �������	��
®Ï�ÓOÌ�Í����Ò��+ÓUÌ��

â�Ö\>hP?>h0K;=<MßÇ.1>=*-Ö\ÕÇÖ\2�*-,Z5 ê * A Õ?PÇÖ\2K2iç��(é�0K,cGh>OF�5�ØZ;(ÖY5/GO<?Ö[�N
����O�	��������2�h
 #q$ ��� �¯*6NC*
GOF8F62�H�Fc>�23Ö_*->h,?03,ªÙ�;\2K*cNONO03ÞªÖ\>=N\Û�L�<?ÖYQÄ5�Ö\Þª,?ÖY5�Gh<?Ö�9�*EQ6ÖYN'&�F60K,WG�*6N�H�F62K2KFI×�N\ë

� 3�� 
BAk<:Ak?�
 -�.�� ��� �^� 
 # ��� # �]\�� # b�
�q� C � 
6b���q���qVG� # �`�k�� l : Y × Y → IR

� jh


\W��q�]�^_O�k�_
ν
��� �^_ C � � $ �!9�*EQcÖYN�&�F60K,WGD� ���

arg min
h∈C

Ex [Ec∼ν [l (h(x), c(x))]]

B�F-GhÖaGO<Z*IG
Ex [Ec∼ν [l (h(x), c(x))]]

04N�Gh<?Ö!*EDcÖ\>=*-ÙcÖCÖY>O>hF6>�F6H�GO<?Öv;(24*6NhNU03ÞªÖ\>
h
ß�*6N

5�Ö(Þª,ªÖY5�0K,±ïknWð�ßc*6,ª5vGO<8ØªNwGO<?Ö �N
����O� ��������sß8*6Nw5?Ö(Þª,?Ö_5¯0K,©5�Ö(Þª,ª0qGh03Fc,!�6ß-04N�NO0 A Õª23QvGO<ªÖ
;(24*6NhNU03ÞªÖ\>10K, C ×�<?04;=< A 03,ª0 A 0��\ÖYN1Gh<?Ö�*ED6Ö\>=*-ÙcÖ�Ö\>h>hF6>_ßª×�<?0K23Ö!GO<ªÖ�9�*EQcÖYN�FcÕ�GO0 A *-2�>hØ?23Ö
A 0K,?0 A 0��YÖYN�Gh<?Ö�NO* A ÖCGhÖ\> A ×�03GO<?FcØ�G�GO<?Öa>hÖYNUGO>h04;�GO0KF6,�F-H�;=<?F8FcNO03,ªÙ h

H�>hF A C ÛÝ <?Ö\,·*-ÕªÕ?23Q80K,?Ù�GOF/2K03,ªÖY*->�;\2K*cNONO03ÞªÖ\>=N1×�0qGh<�GO<?Ö[�YÖ\>hF-7�F6,?Öv23FWNON1H�Øª,ª;�Gh03Fc,��Eßwç��(é�*6NU7
NUØ A Ö_5 *�Øª,?0qH�Fc> A 5�04NfGh>O0KP?Ø�Gh03Fc, FID6Ö\>vGh<?Ö±;(24*6NhN�F-H�2K03,?Ö_*->Ä;\2K*cNONO03ÞªÖ\>=N\Û�åªØ?>UGh<?Ö\> A F6>hÖ
GO<?ÖYQ�NOØ?Ù6ÙcÖYNUGOÖ_5ÄGh<ª*IG+GO<?Ö�;\Ö\,WGOÖY>�F-H�Ù6>=*ED80qGfQÄ0KNC*�Ù6F8F�5�*6Õ?Õ?>hFEà�0 A *IGh03Fc,�F6H�GO<?Ö���
�����
��������sÛZÔ:,®GO<?ÖYF6>hÖ A �a×�Ö�NO<?FI× Gh<ª*IG�Gh<?04N�04N�03,Z5�Ö\Ö_5�GO<?Ö�;Y*6NOÖ6Û?L�<?Ö!;(Ö\,WGhÖ\>�F6H�Ùc>h*ED803GfQ
0KN�0K,ª5�ÖYÖY5�*�Ù6F8F�5Ä*6Õ?Õ?>hFEà80 A *IGh03Fc,ÄF-H�GO<ªÖ2��
����������������Û
Ý¼Ö�×�0K232M;\F6,ªNO045�Ö\>�GO<ªÖ�;Y*6NOÖ�F-H"2K0K,?ÖY*6>�;\2K*cNONO03ÞªÖ\>=NiGO<?>hF6Ø?Ùc<©Gh<?ÖaF6>h03Ùc03,MÛWÔ:,�GO<ª0KN�;Y*6NOÖ

GO<?Ö�Nh* A Õ?2KÖ�NOÕª*6;\Öi04N IRn *-,ª5!*C;\2K*cNONO0qÞZÖ\>�0KN�<ª*62qHJ7:NOÕª*6;\ÖwGO<ª>OFcØ?Ù6<�GO<?Ö�F6>h0KÙ60K,Û_åªF6> A *-2K23Qcß
*-,8Q©D6Ö_;�GhF6>

θ ∈ IRn >OÖYÕ?>hÖYNOÖ\,WGhN�*�;(24*6NhNU03ÞªÖY>YÛª.10KD6ÖY,®*6,�0K,ªNUGh*6,ª;(Ö x ∈ IRn Gh<?Ö�;(Fc>O>hÖYNU7
ÕZFc,ª5�0K,?ÙÄ24*-PÇÖ\2�04N

+1
03H

θ · x > 0
*-,ª5 −1

F-Gh<?Ö\>h×�0KNOÖ6ÛÇB�F6GOÖ!GO<ª*-GC03H
λ > 0

GO<?ÖY,ÜGh<?Ö
D6ÖY;(GOFc>

θ
*6,ª5®Gh<?Ö!DcÖY;(GOF6>

λθ
>OÖYÕ?>OÖ_NUÖY,WG�GO<?ÖvNO* A Ö!;(24*6NhNO0qÞªÖY>! Z<?Ö\,Z;(Ö�×�Ö A *EQ/*6NhNOØ A Ö

GO<ª*-G
θ
04N�0K,�Gh<?ÖaØ?,?03G�Pª*6232�Û

.103DcÖ\,/*¯NO* A Õ?23Ö�F-H�2K*6PZÖY23Ö_5®03,ªNUGh*6,ª;(Ö_N\ß?GO<?Ö t���_q�O�k��#"�\�
 # ��0KNC5�Ö(ÞZ,?ÖY5/*cN�GO<?Ö!NUÖ\G
F-H�;(24*6NhNU03ÞªÖ\>=N�;(F6,ZNU04NfGhÖ\,WG�×�0qGh<�GO<?Ö�Nh* A Õ?2KÖ6ë

í�ÖY>hNO0KF6,�7 � Õª*c;(Ö
= {θ : ‖θ‖ ≤ 1

*6,ª5
yiθ · xi > 0

H�F6>=*-2K2
1 ≤ i ≤ m}

L�<?0KN�D6Ö\>=NO03Fc,¼NOÕª*6;\Öv04N1GO<ªÖ¯03,WGOÖY>hNOÖY;(GO0KF6,¶F-H�GO<?Ö¯Øª,?0qG�PZ*-2K2w×�0qGh<·*�NOÖ(G�F6H�2K0K,?ÖY*6>�;(F6,?7
NfGh>h*603,WGhNw0 A ÕÇFcNOÖY5�P8Q�Gh<?Ö+FcPªNUÖY>ODcÖY5!03,ZNfG=*-,ª;\ÖYNw*6,ª5�<?Ö\,Z;(Ö�03G�04N�;(Fc,8D6Ö(à«Û6L�<ªÖ�ÕZFWNfGhÖ\>h03Fc>
0KN�GO<?Ö�>OÖ_NfGh>O04;�Gh03Fc,·F-H�Gh<?Ö�Fc>O0KÙ60K,ª*62wÕ?>h03Fc>�GOF±GO<?Ö�D6ÖY>hNO03Fc,µNUÕZ*6;(ÖcÛ"â+Ö\>hP?>O04;=<·Ö(G¯*-2�Û�ç��(é
NUØ?ÙcÙ6Ö_NfGhÖY5ÜØZNU0K,?Ù�GO<?Ö©;\Ö\,WGOÖY>aF-H�Ù6>=*EDW03GfQ®F-H�GO<?Ö�DcÖ\>=NU0KF6,¶NUÕª*c;(Ö¯*6N1Gh<?Ö�<8QWÕÇF-Gh<?ÖYNO04N�F-H
GO<?Ö�2KÖY*6>O,ª03,?Ù©*623ÙcF6>h0qGh< A ×�<ª0K;=<®Gh<?Ö\Q�,ª* A Ö_5�GO<?Ö���
����� �*������'�h
 #q$ ��� �(Û«L�<?ÖYQ�NOØ?Ù67
Ù6ÖYNUGOÖ_5/*¯H�ÖY× *-2KÙ6F6>h03GO< A N�×�<?04;=<±*6>OÖaPª*cNUÖ_5/F6,/>=*-,Z5�F A ×�*623Ú�N�0K,/Gh<?Ö!DcÖ\>=NU0KF6,/NOÕª*6;\Ö
GOF¯*-Õ?Õª>OFEà�0 A *-GOÖCGO<?Ö�;\Ö\,WGOÖY>�F-H�Ù6>=*ED80qGfQcÛ

� ./- $s3 
B3H5EW;/A&%�EW<:Ak?�
('�?�9
��47i@ ?�5)'�E+*�387 �N?�A	
 <-, E/.>14A	
4387

�CØ?> A *603,�>OÖ_NUØ?23G�0KN�*�ÙcÖ\,?ÖY>h*6230��Y*-GO0KF6,¯PÇF6Ø?,Z5©H�Fc>�Gh<?Öa9�*EQcÖYN)&�Fc03,WG�(Ü*6;=<ª03,?ÖC23Ö_*->h,?0K,?Ù
*-2KÙ6F6>h03GO< A Û
0 y TWea°=eOgfVY�îV_lceaXqVYt:t+[KbWlcShdfjkV_l®jkt+°=ehgfVv|wTce=lWe=�_ehg�dfTWea`6gfe�ncjkShdfe�nÄS=XqmYt:tCmYlWn�dfTWe1d:gfbceaS=XqmYt:t
m\gfe�dfTce�tfmY^ae_�21idfTWeOg:|wjqt:eY�WdfTWe�XqVYt:tijktwV_lce_�



021B38?�53 � -�.�� �^�
ν � � 
 # ����/����V��V8��b�����" # �� # 
�� �	vi�q
�qVG_%���!��� �^_i� $ �iVG����� � 
�b�bm���

IRn � � $ �'\�_O�k��_	� 
��j 
 �q�OVGvi� � $ 
��)� $ � �]
_
�Y�^� # �� # � \ �J� � #q$ ��^���p
 #q# �_aj������[�]� ν � � ���� � � � ��
2b��%
�_O������D
�b �Y��_O��� $ vQ�OV #%$ � $ 
�m
 �q�]��_I�^�q������i
 � 
� #%$ � ��b�
 � ��b��%jD�����q�]
� # �O� S_a���`VG_O�W� � $ � # ����� �^_D� ����_%
 �>���/� � � ν
_a�O�O�`_O� # �]�qj	�]� � $ � ��^_q�q�k���h�`\�
 # �[
 �D
 $ �%\��� $ ���O� �

h � ��� � � ��� h ����� (·) � �!� $ � ��
�����!�q\��`��vi
�b # b�
 �q�O� � �^_ ��� ��_!
��� x ∈ IRn 
� j 
����
��
�v*\ b��

S

Pr
c

[

h � ��� (x) 6= c(x) |S
]

≤ (e − 1) Pr
c

[
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