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L�<?0KN�Õª*-ÕÇÖ\>�04N�F6>hÙc*6,?0��\ÖY5�*6N�H�Fc232KFI×�NYÛ?Ô:,/NUÖ_;�GO0KF6, P GO<ªÖ��N
����O���*�
����� �h
 #%$ �����!0KN

03,WGO>hF�5�Øª;\ÖY5·*-,Z5�GO<?ÖÄÙ6Ö\,ªÖ\>=*-2K0��_*IGO0KF6,�PÇF6Ø?,Z5?N!*6>OÖ©5?Ö\>h03DcÖY5«Û"Ô:,µNUÖ_;�GO0KF6, n/×iÖÄÖ(à8GOÖY,ª5
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L�<?>OFcØ?Ù6<ªF6Ø�GiGO<?04N�Õª*-ÕÇÖ\>�×�ÖCNUGOØª5�Q�Gh<?Ö�Õ?>hF6P?2KÖ A F-H�;(F6,Z;(Ö\Õ?G�2KÖY*6>O,?0K,?Ù!×�0qGh<�9�*EQ6Ö_NU04*-,
Õ?>O0KF6>+ÚW,ªFI×�23Ö_5�Ù6ÖcÛ?L�<?ÖaGh*cNUÚ�0KN�GOFÄ*6Õ?Õ?>hFEà�0 A *IGhÖa*¯;(F6,Z;(Ö\Õ?G c ∈ C ×�<?04;=</×�*6N�;=<?FWNUÖY,>h*6,ª5�F A 2KQ�ØªNO0K,?Ù�*aÕ?>hF6PZ*-P?0K2303GfQ A Ö_*6NOØ?>OÖ ν

ÛcL�<?Ö19�*EQcÖYN�;\2K*cNONO0qÞZÖ\>+ïs5�Ö\,?F6GOÖ_5�PWQ
h �����

ð
*6NhNU0KÙ6,ªNiGh<?Öa03,ZNfG=*-,ª;\Ö

x
GhF�GO<?Ö�;\2K*cNON�×�03GO< A 03,ª0 A *-2MÖ(à�ÕZÖ_;�GhÖY5�23FWNONYë

h ����� (x) = argmin
y

Ec∼ν [l (y, c (x))]
ï P ð

×�<?Ö\>hÖ
l
04N"NOF A Ö�2KFcNhN«H�Ø?,ª;(GO0KF6, l : Y×Y → IR

ÛYL�<?Ö�9�*EQ6ÖYN«;\2K*cNONO03ÞªÖ\>­04N­FcÕ�GO0 A *-2W* A F6,?Ù
*-2K2«ÕZFWNONO03Pª23Öa;(24*6NhNO0qÞªÖY>hN�NO03,Z;(Öa03G A 0K,?0 A 0��YÖYN�Gh<?ÖaÖ(à�ÕÇÖY;�GhÖY5�Ù6ÖY,?Ö\>=*-2K0��_*IGh03Fc,ÄÖ\>h>hF6>_ë

Ö\>h>OFc>
(h) = Ex [Ec∼ν [l (h (x) , c (x))]]

ï/ncð
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NfG=*-,ª;\Ö

x
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x
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GO<?Ö¯9�*EQ6Ö_NC;\2K*cNONO0qÞZÖ\>�ØªNOÖYNCGO<?Ö¯ÕÇFcNUGOÖY>O0KF6>10K,ª5�Øª;\ÖY5¼PWQÜGO<?Ö¯Nh* A Õ?2KÖ6ß­*-,Z5±2K03ÚcÖ\×�04NUÖ!GO<ªÖ
Ö(à�ÕZÖ_;�GhÖY5!Ö\>h>OFc>"04N�;\*62K;\Ø?2K*-GOÖ_5�×�03GO<�>OÖ_NUÕÇÖY;(G�GOFCGO<?Ö�Nh* A Ö�ÕZFWNfGhÖ\>h03Fc>YÛEÔ�HªGh<?Ö�;(Fc,ª;(ÖYÕ�GhN�0K,
C *6>OÖ�NUGOF�;=<ª*cNfGh0K;�Gh<?Ö\,¯Gh<?Ö�2KFcNhN�03,¼ï P ðw*-,ª5/ï/ncð�NO<?F6Øª2K5�PÇÖC*EDcÖ\>=*-Ù6Ö_5�FIDcÖ\>�GO<ªÖ+0K,cGhÖ\>h,ª*-2>h*6,ª5�F A ,?Ö_NON�F6H"Gh<?Ö�;(Fc,ª;(ÖYÕ�GhNYÛ
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BAk<:Ak?�
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 # ��� # �]\�� # b�

�q� C � 
6b��
�q���qVG� # �`�k�
� l : Y × Y → IR


� jh


\W�
�q�]�^_O�k�
_
ν
��� �^_ C � � $ �!9�*EQcÖYN�&�F60K,WGD� ���

arg min
h∈C

Ex [Ec∼ν [l (h(x), c(x))]]

B�F-GhÖaGO<Z*IG
Ex [Ec∼ν [l (h(x), c(x))]]

04N�Gh<?Ö!*EDcÖ\>=*-ÙcÖCÖY>O>hF6>�F6H�GO<?Öv;(24*6NhNU03ÞªÖ\>
h
ß�*6N

5�Ö(Þª,ªÖY5�0K,±ïknWð�ßc*6,ª5vGO<8ØªNwGO<?Ö �N
����O� ���
�����sß8*6Nw5?Ö(Þª,?Ö_5¯0K,©5�Ö(Þª,ª0qGh03Fc,!�6ß-04N�NO0 A Õª23QvGO<ªÖ
;(24*6NhNU03ÞªÖ\>10K, C ×�<?04;=< A 03,ª0 A 0��\ÖYN1Gh<?Ö�*ED6Ö\>=*-ÙcÖ�Ö\>h>hF6>_ßª×�<?0K23Ö!GO<ªÖ�9�*EQcÖYN�FcÕ�GO0 A *-2�>hØ?23Ö
A 0K,?0 A 0��YÖYN�Gh<?Ö�NO* A ÖCGhÖ\> A ×�03GO<?FcØ�G�GO<?Öa>hÖYNUGO>h04;�GO0KF6,�F-H�;=<?F8FcNO03,ªÙ h

H�>hF A C ÛÝ <?Ö\,·*-ÕªÕ?23Q80K,?Ù�GOF/2K03,ªÖY*->�;\2K*cNONO03ÞªÖ\>=N1×�0qGh<�GO<?Ö[�YÖ\>hF-7�F6,?Öv23FWNON1H�Øª,ª;�Gh03Fc,��Eßwç��(é�*6NU7
NUØ A Ö_5 *�Øª,?0qH�Fc> A 5�04NfGh>O0KP?Ø�Gh03Fc, FID6Ö\>vGh<?Ö±;(24*6NhN�F-H�2K03,?Ö_*->Ä;\2K*cNONO03ÞªÖ\>=N\Û�åªØ?>UGh<?Ö\> A F6>hÖ
GO<?ÖYQ�NOØ?Ù6ÙcÖYNUGOÖ_5ÄGh<ª*IG+GO<?Ö�;\Ö\,WGOÖY>�F-H�Ù6>=*ED80qGfQÄ0KNC*�Ù6F8F�5�*6Õ?Õ?>hFEà�0 A *IGh03Fc,�F6H�GO<?Ö���

�����
���
�����sÛZÔ:,®GO<?ÖYF6>hÖ A �a×�Ö�NO<?FI× Gh<ª*IG�Gh<?04N�04N�03,Z5�Ö\Ö_5�GO<?Ö�;Y*6NOÖ6Û?L�<?Ö!;(Ö\,WGhÖ\>�F6H�Ùc>h*ED803GfQ
0KN�0K,ª5�ÖYÖY5�*�Ù6F8F�5Ä*6Õ?Õ?>hFEà80 A *IGh03Fc,ÄF-H�GO<ªÖ2��

����������������Û
Ý¼Ö�×�0K232M;\F6,ªNO045�Ö\>�GO<ªÖ�;Y*6NOÖ�F-H"2K0K,?ÖY*6>�;\2K*cNONO03ÞªÖ\>=NiGO<?>hF6Ø?Ùc<©Gh<?ÖaF6>h03Ùc03,MÛWÔ:,�GO<ª0KN�;Y*6NOÖ

GO<?Ö�Nh* A Õ?2KÖ�NOÕª*6;\Öi04N IRn *-,ª5!*C;\2K*cNONO0qÞZÖ\>�0KN�<ª*62qHJ7:NOÕª*6;\ÖwGO<ª>OFcØ?Ù6<�GO<?Ö�F6>h0KÙ60K,­Û_åªF6> A *-2K23Qcß
*-,8Q©D6Ö_;�GhF6>

θ ∈ IRn >OÖYÕ?>hÖYNOÖ\,WGhN�*�;(24*6NhNU03ÞªÖY>YÛª.10KD6ÖY,®*6,�0K,ªNUGh*6,ª;(Ö x ∈ IRn Gh<?Ö�;(Fc>O>hÖYNU7
ÕZFc,ª5�0K,?ÙÄ24*-PÇÖ\2�04N

+1
03H

θ · x > 0
*-,ª5 −1

F-Gh<?Ö\>h×�0KNOÖ6ÛÇB�F6GOÖ!GO<ª*-GC03H
λ > 0

GO<?ÖY,ÜGh<?Ö
D6ÖY;(GOFc>

θ
*6,ª5®Gh<?Ö!DcÖY;(GOF6>

λθ
>OÖYÕ?>OÖ_NUÖY,WG�GO<?ÖvNO* A Ö!;(24*6NhNO0qÞªÖY>! Z<?Ö\,Z;(Ö�×�Ö A *EQ/*6NhNOØ A Ö

GO<ª*-G
θ
04N�0K,�Gh<?ÖaØ?,?03G�Pª*6232�Û

.103DcÖ\,/*¯NO* A Õ?23Ö�F-H�2K*6PZÖY23Ö_5®03,ªNUGh*6,ª;(Ö_N\ß?GO<?Ö t���_q�O�k�
�#"�\�
 # ��0KNC5�Ö(ÞZ,?ÖY5/*cN�GO<?Ö!NUÖ\G
F-H�;(24*6NhNU03ÞªÖ\>=N�;(F6,ZNU04NfGhÖ\,WG�×�0qGh<�GO<?Ö�Nh* A Õ?2KÖ6ë

í�ÖY>hNO0KF6,�7 � Õª*c;(Ö
= {θ : ‖θ‖ ≤ 1

*6,ª5
yiθ · xi > 0

H�F6>=*-2K2
1 ≤ i ≤ m}

L�<?0KN�D6Ö\>=NO03Fc,¼NOÕª*6;\Öv04N1GO<ªÖ¯03,WGOÖY>hNOÖY;(GO0KF6,¶F-H�GO<?Ö¯Øª,?0qG�PZ*-2K2w×�0qGh<·*�NOÖ(G�F6H�2K0K,?ÖY*6>�;(F6,?7
NfGh>h*603,WGhNw0 A ÕÇFcNOÖY5�P8Q�Gh<?Ö+FcPªNUÖY>ODcÖY5!03,ZNfG=*-,ª;\ÖYNw*6,ª5�<?Ö\,Z;(Ö�03G�04N�;(Fc,8D6Ö(à«Û6L�<ªÖ�ÕZFWNfGhÖ\>h03Fc>
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GO<?Ö�2KÖY*6>O,ª03,?Ù©*623ÙcF6>h0qGh< A ×�<ª0K;=<®Gh<?Ö\Q�,ª* A Ö_5�GO<?Ö���
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 #q$ ��� �(Û«L�<?ÖYQ�NOØ?Ù67
Ù6ÖYNUGOÖ_5/*¯H�ÖY× *-2KÙ6F6>h03GO< A N�×�<?04;=<±*6>OÖaPª*cNUÖ_5/F6,/>=*-,Z5�F A ×�*623Ú�N�0K,/Gh<?Ö!DcÖ\>=NU0KF6,/NOÕª*6;\Ö
GOF¯*-Õ?Õª>OFEà�0 A *-GOÖCGO<?Ö�;\Ö\,WGOÖY>�F-H�Ù6>=*ED80qGfQcÛ
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_
�Y�^� # �
� # � \ �J� � #q$ �
�^���p
 #q# �
_aj������[�]� ν � � ���� � � � ��
2b��%
�_O�����
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�m
 �q�]��_I�^�q�����
�i
 � 

� #%$ � ��b�
 � ��b��%jD�����q�]

� # �O� S_a���`VG_O�W� � $ � # ����� �^_D� ����_%
 �>���/� � � ν
_a�O�O�`_O� # �]�qj	�]� � $ � �
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 # �[
 �D
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h � ��� � � ��� h ����� (·) � �!� $ � ��

�����!�q\��`��vi
�b # b�
 �q�O� � �^_ ��� ��_!

��� x ∈ IRn 

� j 
����
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�v*\ b��

S

Pr
c

[

h � ��� (x) 6= c(x) |S
]

≤ (e − 1) Pr
c

[

h ��� � (x) 6= c(x) |S
]

L�<?Ö\Fc>OÖ A �wÕ?>hFID6Ö_NÇGO<ª*-GMGh<?Ö�ÙcÖ\,?ÖY>h*6230��Y*-GO0KF6,1Ö\>h>OFc>«F-H h � ��� 04N"*-G A FcNUG (e−1) ∼ 1.7GO0 A Ö_N�2K*6>OÙcÖ\>«Gh<ª*-,aGh<?Ö�PZÖ_NfG�ÕZFWNONO0KP?23ÖcÛ_B+F-GhÖwGO<Z*IG�GO<?04NMPÇF6Øª,ª5�04N"5?0 A Ö\,ZNU0KF6,aH�>hÖ\ÖcÛIL�<?Ö\>hÖ
0KN�,ªF�*cNONOØ A Õ�Gh03Fc,vFc,�Gh<?Ö+NO0��YÖ�F-HÇGO<?Ö�Gh>h*603,?0K,?ÙaNh* A Õ?2KÖ S

Fc>�GO<?Ö�×�*EQa03Gw×�*cN�;(F62K2KÖY;�GhÖY5«Û
â�FI×�Ö\D6ÖY>YßcGO<ªÖ�NO0��\Ö�F-H

S
ß8GO<?Öa5�0 A Ö\,ªNO0KF6,®*-,ª5 A *EQWPÇÖ1F-GO<ªÖ\>�Õ?>hF6ÕÇÖ\>OGO0KÖYN�03,��ªØ?Ö\,Z;(Ö�GO<ªÖ

Ö\>h>OFc>�F6H
h ��� �

*6,ª5ÄGO<8ØªN�*-ãÇÖ_;�G�GO<?ÖaÕÇÖ\>OH�F6> A *-,ª;\Ö�F-H�9'&)(µÛ
�'_a�>� � � Ô�H ν 04N�2KF6Ù-7:;(Fc,ª;\*EDcÖ6ßYGO<?ÖY,©*-,8Q�>hÖYNUGO>h0K;(GO0KF6,vF-H ν GOF�*�;(Fc,WDcÖ(à!NOÖ(Gw04N�2KF6Ù67�;\F6,ª;Y*ED6Ö*6Nv×iÖY232�Û � 0K,ª;(Ö�Gh<?Ö®D6Ö\>=NO03Fc,~NUÕZ*6;(Ö�04N¯;(F6,8DcÖ(à«ß�GO<?Ö®ÕÇFcNUGOÖ\>h0KF6>v03,ª5?Øª;(Ö_5~P8Q

S
0KN�2KF6Ù67

;(F6,Z;\*ED6ÖcÛ��­Ö\G
x ∈ IRn PZÖ1*-,©0K,ªNUGh*-,Z;(Ö�H�Fc>�×�<?04;=<¯Gh<?ÖCÕª>OÖ_5�0K;(GO0KF6,¯04N�Øª,?Ú8,?FI×�,­Û
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